Exact solutions describing the Rayleigh-Bloch waves for the two-dimensional Helmholtz equation are constructed in the case when the refractive index is a sum of a constant and a small amplitude function which is periodic in one direction and of finite support in the other. These solutions are quasiperiodic along the structure and exponentially decay in the orthogonal direction. A simple formula for the dispersion relation of these waves is obtained.
Introduction
The appearance of trapped modes in unbounded domains under perturbations has attracted a lot of attention in both physical and mathematical literature in the recent past (see, e.g., the books [1, 2, 3] and references therein). A classical example is the appearance of a bound state (which is the term for a trapped mode in quantum mechanics) for the onedimensional Schrödinger operator perturbed by a small potential well [4, 5] . In this situation the unperturbed problem possesses a purely continuous spectrum which coincides with the positive ray, and, under a perturbation by a potential well εV (x) with ε → +0 and a smooth compactly supported function V (x) such that V (x) dx < 0, the cut-off of the continuous spectrum (that is, the origin), gives rise to an eigenvalue at a distance ∼ ε 2 to the left of it. In terms of waves trapped by a one-dimensional perturbation of the Helmholtz equation in dimension 2 (this equation will be our setting in the present paper), this result can be rephrased as follows. Consider the Helmholtz equation
y , x, y ∈ R, (1.1)
in the plane and assume that c −2 (x, y) = 1 + εf (x), ε → +0, where f (x) is such that f (x) dx > 0, is smooth, and vanishes for |x| > R, and ω 2 is the spectral parameter. One can separate the variable y assuming that
with β = 0 (oblique incidence). Substituting in (1.1) and dividing by exp(iβy) we obtain for Ψ 0 the following equation
The continuous spectrum of this problem is the ray ω 2 ≥ β 2 and the cut-off ω 2 = β 2 gives rise, under the perturbation, to an eigenvalue ω 2 = β 2 − µ 2 with µ analytic in ε and given by
Here we will be interested in a generalization of this result to the case of a weak periodic perturbation c −2 (x, y) = 1 + εf (x, y), (1.4) where f (x, y) is smooth, T -periodic with respect to y, f (x, y + T ) = f (x, y), and vanishes for |x| > R.
It is well-known that a periodic structure can support the so-called Rayleigh-Bloch (RB) waves which are solutions of the Helmholtz equation quasiperiodic in y and decaying as |x| → ∞. These waves were studied numerically as well as analytically for the settings of a half-plane with a periodic boundary (see e.g. [6, 7, 8] and references therein) and in the setting of a periodic array of solid obstacles (see e.g. [9, 10, 11] and references therein). Therefore it is natural to investigate whether the mechanism of their appearance persist for a weak periodic perturbation of the refractive index (1.4). The construction of RB waves reduces to the solution of a boundary value problem in the strip
for the Helmholtz equation with quasiperiodic boundary conditions; that is, we come to a waveguide problem.
Problems of trapped modes in waveguides were quite extensively studied in numerous publications. We note the papers [12, 13] , where weakly perturbed quantum waveguides (i.e., perturbed Laplace operator with Dirichlet boundary conditions) were studied by means of the Birman-Schwinger technique (see [3] ).
Our goal in the present paper is to construct explicit solutions describing the RB waves for the wave speed given by (1.4). They have the form Ψ(x, y) = e iβy ψ(x, y),
where ψ is T -periodic in y and decays as |x| → ∞, and one can assume that −π/T < β ≤ π/T by the periodicity of ψ. The principal difficulty of this problem (as well as the others mentioned above) consists in the fact that the nonperturbed problem does not possess trapped modes, so that the standard regular perturbation theory is not applicable. We show that solutions (1.5) exist for certain values of ω 2 below the cut-off and provide exact explicit formula for the dispersion relation (i.e. the dependence of ω on β) and RB waves themselves in the form of infinite convergent series of powers of ε.
Our approach uses the main idea of the of the Birman-Schwinger method (i.e., the reduction of differential equations to integral ones) with simplifications and modifications (cf. [14] ), [15] ). Our main result is the asymptotics of the frequencies of RB waves,
This result appears to be new and passes into (1.3) when f does not depend on y. When the cut-off β 2 approaches zero, the frequency of the RB wave also approaches zero and the RB wave becomes a normally incident wave not decaying as |x| → ∞; thus β = 0 is excluded in (1.6) just as in the case of a one-dimensional perturbation one has to consider oblique waves in order to obtain the trapping phenomenon. We also exclude the case β = π/T since the thresholds of the continuous spectrum (see formula (2.9) below) coalesce for n = 0 and n = −1; this case requires a separate treatment.
Formulation
Consider the Helmholtz equation
with a real smooth T -periodic in y refractive index,
(see Fig. 1 ).
Figure 1
Solutions of this equation that are quasiperiodic in y,
bounded in the whole plane and decaying as |x| → ∞ are called Rayleigh-Bloch waves (RB waves) and exist only for certain values of the spectral parameter ω. We will construct RB waves in the case of a weakly perturbed refractive index:
where f is a smooth T -periodic in y function vanishing for |x| > R for some R > 0. Obviously, in order to construct the RB waves it is sufficient to find solutions of the following spectral BVP in the strip Π := R × (0, T ):
We can fix T = 2π without loss of generality, and we will assume that
Note that the continuous spectrum of problem (2.5)-(2.8) is the ray ω 2 ≥ β 2 and coincides with the continuous spectrum of the unperturbed problem (ε = 0). The latter is divided by the cut-offs ω 2 = (n ± |β|) 2 , n = 1, 2, 3, . . . , into intervals where its multiplicity is constant; this multiplicity is equal to 2 on the first interval β 2 < ω 2 < (1 − |β|) 2 and is augmented by 2 when passing through the next threshold. This follows from the explicit form of the plane waves exp{i(β + n)y + ikx} satisfying (2.5)-(2.8) for ε = 0 with ω given by
(2.9)
Trapped waves
We seek the solution of the spectral problem
for β such that 0 < |β| < 1/2. We seek the eigenvalue ω 2 in the form
where
Remark 3.1. The function Ψ in (3.1) depends on three argument x, y, µ. In the following we will sometimes omit the dependence of Ψ on µ.
In (3.1) the function Ψ(x, y) belongs to the space H 1 β (Π) which is the completion of the space of smooth functions satisfying the boundary conditions from (3.1) and vanishing for large |x| with to respect to norm
We understand problem (3.1) in the sense of the integral identity:
This integral identity easily follows from (3.1) after multiplying by Φ and integrating over Π:
The first two terms in the last expression cancel out due to the boundary conditions in (3.1).
Moreover, the same argument shows that the operator corresponding to the problem (3.1) is self-adjoint.
Remark 3.2.
Strictly speaking, this calculation shows that the operator generated by the sesquilinear form in the left-hand side of (3.5) is self-adjoint in H β 1 (Π) (see [3] ). Nevertheless the indication of this concrete space is not very important in what follows since we will construct a classical smooth finite energy solution of (3.1) (see (3.30) ).
For β satisfying 0 < |β| < 1/2, we seek µ(β) and a nontrivial Ψ satisfying (3.1) such that Ψ decays as |x| → ∞. We seek Ψ in the following form:
Substituting (3.7) in (3.1), we obtain
(3.8) Obviously, the boundary conditions in (3.1) are satisfied automatically for the function (3.7) (of course we assume that the series converge sufficiently rapidly, which we will prove below).
Multiply both parts of (3.8) by exp{−i(β + m)y}. We obtain
(3.9) Integrating (3.9) over y from 0 to 2π, we come to
We seek the solution of system (3.10) in the form 12) where A m are new unknown functions,
the asterisk denotes the convolution and, for m ∈ Z, the functions G m (x, µ) are the Green functions satisfying
(3.14)
Remark 3.3. The condition (3.13) does not affect the generality of our considerations since an eigenfunction is defined up to a multiplicative constant.
We have
by (3.16).
Thus, by (3.10) we come to the following system for the functions A m :
Rewrite (3.18) as
Note that G r (·, µ) admits an analytic continuation to a neighborhood of the origin (e.g., the one defined by (3.17)) from the ray {µ > 0} . Thus,
Hence the vector
satisfies the following equation:
where Consider the space A of vectors
with the norm
Obviously, A is a Banach space.
Lemma 3.5. i) The operatorT µ : A → A given by (3.25) is bounded uniformly in µ for |µ| ≤ µ 0 /2, where µ 0 is given in (3.17):
ii) If A n (x) decay rapidly as n → ∞, i.e.,
then the components ofT µ A also decay rapidly as n → ∞ uniformly in µ, |µ| ≤ µ 0 /2.
Proof. i) Rewrite the operatorT µ in the form
Note that by (3.21) and (3.15) there exists C > 0 such that
In the leading term, we have
Therefore we have found the eigenvalue µ for problem (3.1) and the corresponding eigenfunctions given by (3.12), (3.30), and (3.7). The fact that µ is real and positive follows from condition (2.8), formula (3.33) and selfadjointness of problem (3.1) (see Remark 3.2). Thus we have proven the following theorem: Theorem 3.6. Let f from (2.4) be a smooth 2π-periodic in y function, vanishing for |x| > R and satisfying (2.8). Then for sufficiently small ε > 0 there exists an eigenvalue ω 2 of problem (3.1) such that ω 2 = β 2 − µ 2 (3.34)
with µ being the solution of (3.32) with the leading term given by (3.33). The corresponding eigenfunction is given by (3.7), (3.12), (3.15), (3.30), and belongs to H 1 β (Π) for any fixed real β, 0 < |β| < 1/2.
Proof. First, we clarify the meaning of the expression "sufficiently small" in the formulation: ε should be small enough to guarantee that (3.34) is positive, i.e., |µ| < |β|, and to guarantee that (3.17) holds, i.e., |µ| < µ 0 . Now the existence of the eigenvalue ω follows from formula (3.32) by the Implicit Function Theorem and the analyticity of the right-hand side of (3.32) in ε and µ (see Lemma 3.5 ii)). The fact that the function Ψ belongs to H Remark 3.7. In fact, our considerations also show the uniqueness of the constructed eigenvalue because any solution of problem (3.1) from H β 1 can be represented in the form (3.7) with an appropriate function Ψ n .
